Abstract Let w(z) be an arbitrary transcendental solution of the fourth (respectively, second) Painlevé equation. Concerning the frequency of poles in |z| r, it is shown that n(r, w) r 2 (respectively, n(r, w) r 3/2 ), from which the growth estimate T (r, w) r 2 (respectively, T (r, w) r 3/2 ) immediately follows.
Introduction
For a meromorphic function f (z) in C, denote by n(r, f ) the number of poles of f (z) in |z| r, each counted according to its multiplicity, and put The growth of f (z) is measured by the characteristic function T (r, f ) := m(r, f ) + N (r, f ) or the order (f ) := lim sup r→∞ (log T (r, f )/ log r) (for basic facts of the value distribution theory, see, for example, [5] and [9] ). All the solutions of the Painlevé equations (where a prime denotes differentiation with respect to z, and α, β ∈ C) are meromorphic in the whole complex plane (see [6, 11, 14, 15, 19] ; see also [4] ). It is an interesting and basic problem to estimate the growth of these solutions. For each solution w(z) of (I), (II) and (IV), the growth is evaluated as T (r, w) r 5/2 , T (r, w) r 3 and T (r, w) r 4 , respectively (see [12, 16] ; see also [4] )
. (We write χ(r) ψ(r) or ψ(r) χ(r) if χ(r) = O(ψ(r)) as r → ∞, and χ(r) ψ(r) if χ(r) ψ(r) χ(r).)
On the other hand, for the first Painlevé transcendents, i.e. the solutions of (I), the lower estimate (w) 5/2 was given by [10] , and more precise results on T (r, w) have been obtained recently (see [13, 17] ). Furthermore, the author [13] proved that, under the condition 2α ∈ Z, every transcendental solution of (II) satisfies (w) 3/2, and Steinmetz [17] obtained the following results.
(1) For most classes of transcendental solutions of (II), (w) 3/2.
(2) For several classes of transcendental solutions of (IV), (w) 2.
The purpose of this paper is to give an improvement on these results for (II) and (IV), which is stated as follows.
Theorem 1.1. Let w(z) be an arbitrary transcendental solution of (IV) (respectively, (II)). Then, we have n(r, w)
r 2 (respectively, n(r, w) r 3/2 ).
Remark 1.2. This theorem implies that every transcendental solution of (IV) (respectively, (II)) satisfies T (r, w)
r 2 (respectively, T (r, w) r 3/2 ).
Remark 1.3.
For special values of (α, β) (respectively, α), equation (IV) (respectively, (II)) admits a one-parameter family of solutions such that T (r, w) r 2 (respectively, T (r, w) r 3/2 ) (see, for example, [4, § § 21, 25] ).
In the proof, we employ a method different from those of [13] and [17] . The basic idea is, roughly speaking, to combine properties of w(z) near each pole with asymptotics of Boutroux type [1, 2, 8] ; consequently, we get a chain of poles, from which our result immediately follows. Several necessary lemmas are reviewed or proved in § 2. Among them, Lemmas 2.3 and 2.4 are ones concerning a kind of uniformity of a family of elliptic functions, which are essential in constructing a chain of poles. Other lemmas are mainly concerned with the behaviour of w(z) of (IV) around each pole. In § 3, we prove Theorem 1.1 for (IV). To do so, we treat another version of (IV) due to Boutroux [1, 2] , whose solution v(t) corresponding to w(z) is asymptotic to an elliptic function in a suitable domain. Using this fact, we find a pair of poles of v(t) that generates a chain of poles of w(z). In the final section, we give an outline of the proof for (II), which is very similar to that for (IV).
Quite recently, after the submission of the original version of this paper, the author was informed that other approaches to our problem are also possible: the same result as above can be obtained through the rescaling method [18] ; and the inequalities (w) 3/2 (for (II)) and (w) 2 (for (IV)) are derived by using certain estimates for logarithmic derivatives [7] .
Lemmas

Regular perturbation
Denote by B(r) ⊂ C the disc defined by |z| < r. Let F (x, u,ũ, ε) be a function analytic for (x, u,ũ, ε) ∈ B(ξ 0 ) × (C \ {0}) × C × B(ξ 1 ), where ξ 0 and ξ 1 are positive numbers. Consider a differential equation of the form
(where the superposed dot denotes differentiation with respect to x). The following lemma is easily derived from a well-known fact on regular perturbation of differential equations (see, for example, [3, Chapter 1, Theorem 8.3]).
Lemma 2.1. Let L, R 0,± (R 0,− < R 0,+ ) and R 1 be given positive numbers. Let γ be an arbitrary curve starting from x = 0 with the properties
(ii) the length of γ does not exceed L.
Suppose that (2.1) with
Remark 2.2. In the case where
, we have the same conclusion as above.
A certain family of elliptic functions
Consider a family of equationṡ
Let u = (κ, x) be an elliptic (or degenerate elliptic) function satisfying (2.3), and let J (> 1) be a large positive number. Naturally, (κ, x) is not a constant function. Then we have the following lemma. (
, where Λ − (J) and Λ + (J, |ζ 0 |) are some positive numbers independent of κ.
To prove these lemmas, we examine the Riemann surface R κ of P (κ, u) and its cycles, especially in the generic case. It is easy to see that P (κ, u) admits multiple zeros if and only if κ = 0 or κ = 32/27; then
We may regard κ as a point in the set
where R 0 denotes the universal covering of C \ {0}.
(A) Generic case. At first we suppose that
where µ = µ(J) is a small positive number which will be fixed later. Then all the zeros of P (κ, u) are distinct, and (κ, x) is doubly periodic. The distinct zeros are given by u = 0, u j (κ) (j = 0, 1, 2), where (i) the u j (κ) are continuous for κ ∈ E (µ) ; and
To define the Riemann surface and its cycles, suppose, at first, that −κ > 0, and that |κ| is large. Let X l κ (l = 1, 2) be two copies of 
where Res(u 0 ) denotes the residue of 1/ P (κ, u) at the pole u = u 0 . Now choose the positive number µ = µ(J) in (2.4) so small that, for every κ ∈ E J satisfying |κ| < µ (respectively, |κ−32/27| < µ), all zeros of P (κ, u) remain in either of the discs |u| < 1/10, |u + 2| < 1/10 (respectively, |u| < 1/10, |u + 2/3| < 1/10, |u + 8/3| < 1/10), and that, for κ with the same condition, a period of (κ, x) given by
Proof of Lemma 2.3. We prove this lemma for q = 1; the other cases are treated similarly. For κ ∈ E J satisfying |κ| < µ or |κ − 32/27| < µ, the period given by (2.6) and (2. 
, and the length of Γ κ (ζ 0 ) does not exceed
because |ζ 0 | > 10, and because the zeros of P (κ, u) remain in the disc |u| < 1/10 or
, and recall the cycles γ
and that |u j (κ)| 2J 1/3 (j = 0, 1, 2) for |κ| J, since J is large. Hence, we may suppose that 0 which is drawn in such a way that, when traversing a cut, the ray transfers to the other plane, and that
and its inverse to γ κ , we obtain a loop γ κ (ζ 0 ). Then, for each κ ∈ E (µ) J , it has the following properties.
(ii) γ κ (ζ 0 ) starts from and returns to ζ
Consider (2.8) corresponding to γ κ (ζ 0 ) of this case, and let Γ κ (ζ 0 ) be the image of
where
.
, which completes the proof.
Behaviour of a solution of (IV) near a pole
Let w(z) be an arbitrary transcendental solution of (IV), and denote by
the auxiliary function satisfying
Take a circle |z| = r 0 > 10 on which w(z) = 0, −1, ∞. Let K be a positive number such that 12) where M (f ; r) = max |z|=r |f (z)|, and put 
From these lemmas, we have the following lemma. 
which implies that (iii) is also fulfilled. By Lemma 2. 
Applying Lemma 2.5, we get a pole σ a2 and the disc ∆(σ a2 ) a 2 . By Lemma 2.6,
, we make the same replacement as that for ∂∆(σ a1 ), and obtain a new path R
a , which is a modification of R
a . We repeat this procedure. As far as |a j | < |a|, the area of ∆(σ aj ) is not less than πK
. By this fact and Lemmas 2.5 and 2.6, we arrive at the case of a = a p or of a ∈ ∆(σ ap ) for some p, and get the point a * = a p ∈ R a and a curve C 0 (a * ) terminating in a * with length not exceeding π|a * |/2. Clearly, a * , σ a * , C 0 (a * ) and ∆(σ a * ) fulfil (a)-(e).
Lemma 2.8. Suppose that a, |a| > r 0 , satisfies |w(a)| = K|a|. Then there exist a pole σ a of w(z) and the disc ∆(σ a ) such that a ∈ ∆(σ a ).
Proof . If (2.13) is fulfilled, then, by Lemma 2.7, the conclusion with σ a = σ a * immediately follows. If (2.13) is not fulfilled, then there exist two possibilities: K|z| along [a , a] , and such that (2.13) with a (instead of a) is valid. In case (2), we can take an arc γ(a, a ) ⊂ ∂D K joining a to a such that (2.13) with a is valid. In both cases, by Lemma 2.7, there exist a point a * , a pole σ a := σ a * and the disc ∆(σ a ) such that a ∈ ∆(σ a ) (respectively, a ∈ ∆(σ a )). By (e) of Lemma 2.7, we have [a , a] ⊂ ∆(σ a ) (respectively, γ(a, a ) ⊂ ∆(σ a )), and hence a ∈ ∆(σ a ), which completes the proof. Proof . Draw the ray R(arg σ), and take a point a satisfying (2.13) and
By Lemma 2.7, there exist a point a * ∈ R(arg a), |a * | |a|, a curve C 0 (a * ) and a pole σ a * satisfying (a) and (b) of Lemma 2.7, and (c) a, a * ∈ ∆(σ a * );
Put a σ = a * . Then, by (c) and (e) and (2.14), the pole σ belongs to ∆(σ a * ); and, by (d), σ = σ a * . In this way we have shown that a σ ∈ ∆(σ) has the desired properties. . We sketch the proof of it; the reader can check the omitted details by consulting [12, § 3] . In addition to (2.10), recall another auxiliary function of the form 15) which admits the expression 
Proofs of Lemmas
which implies that
with
By [12, Lemma 3.4], we choose a steepest descent path γ 0 starting from a and ending at a * in such a way that a * satisfies y(a * ) = 0 or a * ∈ ∂U (a), and that, along γ 0 , d|y(z)|/dλ = −|dy(z)/dλ| with λ := γ 0 (z) . Here γ 0 (z) denotes the part of γ 0 from a to z. As long as γ 0 (z) 1/10, by Lemma 2.10, we have |F (z)| 2 × 10 −3 , which implies that |y (z) − 1| < 3 × 10 −3 or that |y (z) + 1| < 3 × 10 −3 . Using these facts, by the same argument as in the proof of [12, Lemma 3.5], we obtain the following. Lemma 2.11. There exists a pole σ a of w(z) satisfying |σ a −a| 1.01K
Instead of [12, Lemma 3.6], we have the following.
Lemma 2.12. In the disc
By Lemma 2.11, we have |a| − 1/10 < |σ a | < |a| + 1/10, implying (a) of Lemma 2.5. Observing that |σ a /a| < (|a| + 1/10)/|a| 1.01, we have |σ a − a| 
This implies
and hence σ a = σ a , from which Lemma 2.6 immediately follows.
Proof of Theorem 1.1 for (IV)
Let w(z) be an arbitrary transcendental solution of (IV), and let Ψ (z) be the related auxiliary function defined by (2.10). Recall the circle |z| = r 0 > 10 on which w(z) = 0, −1, ∞. In what follows, we suppose that
(instead of (2.12)), which means that K itself also satisfies (2.12).
Equation of Boutroux type
Make the change of variables:
Then v = v(t) satisfies an equation of the form
(where the subscript 't' denotes differentiation with respect to t). Multiplying both sides by v t /v, we see that the function
satisfies the first-order equation
By this fact, we have
where C(t 0 , t) denotes a path joining t 0 to t. 
where 
is not a constant function. This is also a solution of (2.3) with κ = κ b (cf. (3.8)), and we write u 0 (x) = (κ b , x). To apply Lemma 2.1, we choose constants successively by the following process.
(i) Let J 0 be the constant of (3.7) given by Lemma 3.1. In Lemma 2.3, we put J = J 0 .
Then, by (3.7) and Lemma 2.3, the elliptic function 
We apply Lemma 2.1 with ε = b −1 to (3.9). In its application, we put ϕ
, and choose the curve and the constants as follows:
and 3.14) ). Note that all the constants above are independent of κ b , |κ b | J 0 , and that all the suppositions of Lemma 2.1 are fulfilled. Then, for |b| > ε
is independent of τ ; if necessary, we re-choose ρ ∞ so large that ρ ∞ > ε 
and, by (3.12) and (3.13),
This completes the proof of Lemma 3.3. 
